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Abstract : We report on theorems by T. Okuyama about complexes generalizing 
the Coxeter complex and the action of parabolic subgroups on them, both for finite 
BN-pairs and finite dimensional Hecke algebras. Several simplifications, using mainly 
the surjections of [CaRi], allow a slightly more compact treatment than the one in [O]. 

The purpose of this paper is to report on the unpublished manuscript [O] by 
OO ■ T. Okuyama where are proved some conjectures generalizing to homotopy categories 

I the theorems of [CaRi] and [LS] holding in derived categories. We refer to the latter 

references and [CaEn] §4 for a broader introduction to the subject. 

The main theme is the one of complexes related with the Coxeter complex and 
Q ■ the action of parabolic subgroups on them, either for finite groups with BN-pairs or 

I for finite dimensional Hecke algebras. Okuyama's contractions prove a quite efficient 

tool in a number of situations (see the proof of Solomon-Tits theorem in § 6). 
We often stray away from Okuyama's proofs when it allows simplifications. 
We also emphasize some statements that may be of independent interest (see § 1 
I below), and actually re-prove [Ril] §8, [LS], and [CaRi]. 

■ Most proofs are selfcontained apart from basic facts about split BN-pairs and 
(-H I Hecke algebras. 

, Notations. Let A be a ring, one denotes by mod(A) the associated category of 

finitely generated left A-modules. If B is another ring, A, B-bimodules are just objects 
of m.od{A(^B°) where B° denotes the opposite algebra and (8) denotes (commutative) 
tensor product over Z. Whenever M is an A, i?-bimodule and iV is a _B-module, one 
denotes by M ®b N the usual tensor product over B, considered as an A-module. 
' When B is a group algebra RG with R a commutative ring and G a finite group, one 

, may use the abbreviation M ®q N for M <S>rg 

On ■ We denote by C^{A), K^{A), and T)^{A) the categories of bounded (cochain) 

, complexes of A-modules, its homotopy and derived categories, respectively. We allow 

■ to view a given complex of A- modules (. . . >C^~^^ . . .) as a Z-graded A- module 

C := ©iC" endowed with a homogeneous endomorphism dc = {d^)i of degree 1 
satisfying dc ° dc ^ 0- 

Let 5 be a finite set, we denote by 2'^ the set of subsets of S. A coefficient system 
^ ■ on 2^^ is a family of A-modules {M^)ics and ^-homomorphisms ipj^j'.M^ M'^ 

defined when I Q J { "restriction maps" ) and satisfying fx.i ° V j/ = V^i whenever 
I C J C K C S. 

5^ \ Choose a total ordering on S. When / C 5 and s G S", denote by n{I, s) the 

number of elements of / that are < s. A coefficient system {{M^)i, {'^^^1)1, j) gives 
rise to an object (. . . ^ M° ^ ^ . . .) of C'^{A), where = ®i.\i\=iivf and 

d':M' M*+i is defined on by d^\M' = Eses\/(-l)"^'^'^V^{s},7- For a more 
canonical definition, showing independence with regard to the choice of an ordering, 
see for instance [CaEn] Exercise 4.1. 

1. Reduced elements in Coxeter groups and Okuyama's contractions. 

Assume {W, S) is a finite Coxeter group. One denotes by I the length map with 
respect to S. If /, J C S, denote by Wj the subgroup of W generated by / and by 
Djj the set oi w gW such that l{uwv) = l[u) + l{w) + l{v) for any u G Wj, v G Wj. 

If V, V are subsets of W, one denotes VV = {vv' \ v e V, v' e V'} and 
y-i = {u-i \veV}. 
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Let A = UicsWi\W = {Wiw I / C 5, w G W} be the set of right cosets mod. 
parabohc subgroups. 

li a G A, denote S{a) := Sr\aa~^ (that is S{a) = / if o = Wjw for some w G W) 
and l{a) = min{Z(.x) | x G a}, which is the length of the only element of a n Dgt^^-^ ^j^. 

If J C 5 and a G A, denote aU J := VFju5(a)C'- If s G 5, we write aUs = aU {s}. 

The Coxeter complex A{W, S) is the complex associated to the coefficient system 
on 2'^ defined by / i-^ ^{WiXW) = (BaeA. s{a)=i'^cL with restriction maps Lpjj defined 
by ifjiia) = a U J for / C J. Then a(w,S) = ZA graded by a \S{a)\ and the 
differential is defined by ^(o) = Eses\s(a)(-l)"^'^^'''''*^o U s for a G ^ (recall that S 
is ordered and n(/, s) denotes the number of elements of / that are < s). 

Fix Iq C S, Iq S (the case Iq = S is trivial for what follows but could create 
ambiguities). 

Notation 1. Let A{Io) {a £ A \ aCiDi/ij^^ ^ 0}. Note that the condition defining 
■4(/o) is equivalent to the element of minimal length in a being in Diif j^, hence in 
Ds{a),ia- Let A{Io)~^ ■= {a G A{Io) \ a % VF/q}, that is the classes Wiw for ICS, 
w G -D/,/o, and w 7^ 1 if moreover I C Iq. 
If a & A{Io), denote Io{a) = IqCi a~^a. 

Note the following property 
(P2) If o G A{Io), then Io{a) = /q n J™ for I = S{a) and the unique w G a n 
(see [CaEn] 2.6). 

Proposition 3. ZA{Io)'^ is a subcomplex of A{W, S) in C^{Z). There exists a linear 
map a: ZA{Io)~^ ZA{Io)~^ homogeneous of degree —1 such that 

(i) ad + d(j = Id. 

(a) for any a G A{Io)^ , a{a) G ®Z6 where the sum is over b G ^(/o)^ such that 
Io{b) 2 /o(a). 

The Proposition will be used in § 2-4 through the following. 

Theorem 4. Keep {W, S) a finite Coxeter group, and Iq C S. Let A be a ring and 
{{M^)i, be a coefEcient system of A-modules on 2^°. 

Assume that for all b G A{Io)~^, we are given a submodule Zf, C M^°^''^ such 
that, for all b,b' G A{Io)~^ with b C b' (and therefore Io{b) C lo^b')), one has 

Let a coefEcient system Z on 2^ be defined by I ^ Z^ := ^b^A{io)+;S(b)=iZb, and 

= <^f^(feu/'),/o(f-)(^) ^ ^bui' C Z^' if I CI'CS andxGZb with S{b) = I. 
Then the complex associated to Z is contractible in C^{A). 

Proof. Lot (j:Z^(/o)+ ZA{Iq)^ be a map as in Proposition 3. This implies 
the existence of integers mb^b' for b,b' G A{Io)~^ with Io{b) C In{b') and |S'(6')| = 
\S{b)] — 1 such that a{b) = Vfibfi'b' . Set mb,b' = for pairs {b,b') not satisfying 
the conditions above. 

Since the differential on ZA{Io)+ is defined by 9(6) = EseS\S(6)(-l)"^^^''^'^H^U 
s), the relation in Proposition 3.(i) reads, for any b G ^(/o)+, 

(E5fa) 6= J2 {-^r^^^^^''^rnbus,b'b' + J2 i~^r^''^''^''^mb,b' -{b' U s) 
»es\s{b) b'e^(/o)+ 

b'eA{Io)+ seS\S(6') 

in ZA{Io)+. 

When b G A{Io)~^ and z G Zb, we write Zb to mean the clement of Z^^'''' in the 
factor Zb. Define a on Zb Q UbeA{io)+ ^(^) = Eb'e^(/o)+ '^b,b'fil^b'),io{b)(^)b'- 

This is well defined since mb,b' implies Io{b) C /o(6'). 
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The differential on Z is defined by 

ses\s{b) 

for z £ Zb (remember that Z/, is at degree 15(6)1). Then, keeping 
. G Z,, {ad' + d'a){z) = a(E.e5\5(6)(-l)"^^*'^"^V^^(,u.),/o(.)(^)^u.) + 
d^iEb'eA{io)+ ^b,b'V^^^i,').io{b)i^)b') which equals 

^b'eA(Io) + ,seS\S{b')i~^)"''^'^'^'' ^'''^^b,b'y^^(^b'Us),Io{b)i^)b'Us 

thanks to the composition of restriction maps. By ES^ above, this equals 
^i^ib) io(b)i'^)b = {z)b- Then ad + da = Id, that is the contractibility of Z in C''(^). 

Proof of Proposition 3. That ZA{Io) and ZA{Io)~^ are sub-coefficient systems of ZA 
is clear by the definition of restriction maps and the fact that both A{Io) and A{Io)~^ 
are closed for supsets. 

In order to check the particular contractibility that is announced about ZA{Io)~^ , 
it seems handy to apply the following symmetry of D^j^ and A{Io)- 

Let 0:W ^ W defined by 9{w) — wswwif^, where wi € Wj denotes the clement 
of maximal length for ICS. This 6 clearly preserves A with S{9{a)) = S{a)'^'=' and 
ifijj o = 6 o (fij^s ,/™s for any a £ A and I C J C S. Moreover 6 preserves D^j^ 
(exchanging 1 and wswjg) and therefore A{Io), with 6{Dij^) = Djwsjg. One has 
also lo{0{a)) = /o(a)"'^o for all a G ^(Jq). 

Denote B = e{A{Io)+) = {Wjiu \ I Q S, w € Dij„, w ^ wswi^}. 

Note that if w G -00^/^ \ \wswi^^, there is some C S\{SV\ wIow~^) such that 
Z(.s„,w) > l{w) (take the tw^-conjugate of the first term in any reduced decomposition 

of 6'(W) 1). 

If 6 G 6 = Wjw with ICS and w G Dji^, one denotes Sb := s«, and 

b\Sb = Wi\^,^yW. 

Lemma 6. Let t: ZB — > ZB be the linear map homogeneous of degree —1 defined as 
follows on b C B 

T{h) = (-1)"(S('').'*'>)(5 \ Sb) ifsb G S{b), T{b) = otherwise. 

One has = and 

(i) IfT{b) then Tib) = ±b' where b' e B, l{b') = l{b) and Io{b') = Io{b). 

(ii) {rd + dT){b) G 6 + ©(,'Z6' the sum being over b' C B such that l{b') < l{b) and 
W) 2 Io{b). 

Let us show how this implies Proposition 3. 

By (i) of Lemma 6, t{B) C ZB. By (ii), rd + dr = ld + p where p is nilpotent 
and of degree 0. Now define 

t' := T — Tf) + Tf)^ — Tp''' + . . . = r(T9 + dT)~^ 
and let us check that it satisfies the conditions (i) and (ii) of Proposition 3. 

First r'd+dr' = Id since d clearly commutes with rd+dr, hence with its inverse. 

As for (ii), that is t'(6) G (Bb'Zb' where the sum is over b' C B such that Io{b') 2 
Io{b), this is a consequence of r' = t — rp + rp^ — . . . with r and p having the 
corresponding property by the Lemma. 

This implies now Proposition 3 by defining a = 9ot' o6 thanks to the elementary 
properties of 9 with regard to the restriction maps and a i— *• Io{a). Note however that 
9 o do 9 is not exactly d but the same twisted by t«s-conjugacy due to the property of 
9 with regard to restriction maps (pjj. A correction consists in adapting the ordering 
on S : choose first the wg-conjugate of the ordering implicit in Proposition 3. I 
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Proof of Lemma 6. (i) Write b — Wjw with w G DiIq, w 7^ Wswj^. One must 
assume Sw € I. Then t(6) = ±Wi\[s^yw with w S -D/\{s„},/o) 7^ "wswig and 

\ sb) = (/ \ {s^})'" n 7o = Z*" n 7o = Io{b) by (P) and the definition of Syj. It is 
also clear that .Sb\.,f, = = S5, so t^(&) = 0. 

(ii) Note that if b,b' G A and b C b' (inclusion of cosets), then Io{b) C Io{b') and 
lib') < l{b). 

From (i) and the definition of d it is then clear that we don't have to worry 
about sets Jo(6')'s. So we concentrate on lengths lib'). Thanks to the above and (i) 
just proved, on evaluating (9t + Td)ib) we must check that only one term, the one 
producing 5, has length remaining equal to lib) upon applying r and d. 

First case : Sb G Sib). Then r (6) = {-l)'^^^''^\b\sb) with. S{b\sb) = S{b)\{sb} 
and iib \ Sb) U Sb) = b. Then 

{dT + Td){b) = b+ J2 i-l)''^'''''^+''^''\''''\ib\sb)Us)+ (-l)"^^''V(6Us) 

seS\S{b) seS\S(b) 

In the above sums, one must spot the terms with length ^(6) i— liw)). In the first 
J2, b\sb = VK/\{s(,}W and one may have K^/\{sb}u{s}W^) = K^) only if Z(sw) > liw), 
thus producing ((6 \ Sb) U s) = Wi\{st}u{s}W in the above sum. For the second 
by (i), length /(fe) is kept only if ^(6 U s) = This means again lisw) > liw), thus 
giving a term r(6 U s) = i-iy'^'"''''"'^Wi\is,}u{s}W. 

In all, the two ^ contribute terms of length lib) by the sum over s G S \ Sib) 
with lisw) > liw) of the terms ((_i)"(f',^f.)+"(''W,s) _,_ (_i)"(f','s)+"(f'Us,56))(5 \^ y 

This is as can be seen by calculating the component on 6 U s of 9 o 9(6 \ Sb) , one 

finds ( — + (^^l'^n(b\sb,s)+nibUs,Sb) _ 

Second case ; b = Wjw with w S Dn^ and Sb ^ Sib) — I. Then t(6) = 
and b — ±t(6 U Sb) where b U Sb — W^/u{s„}^ ^ with w G Diu{s^},io ^^'-^ 
lib U Sb) = lib) = liw). To got our claim, it suffices to show that dr + rd — Id sends 
r(6 U Sb) into ®b';i{b')<iib)'^b' . We have (9r + rd - Id)r(6 U st) = (r^r - T)(fe U .s;,) = 
T(9r + r9 — Id) (6 U Sb) and our claim follows from the first case and Lemma 6.(i). I 

Remark 7. When a G Ailo), denote by wo(«) the (unique) element of a Ci Ds(^a),io' 
so that a = Ws(a)Vo{o) with Z(a) = Z (wq (<*))• 

Denote by <r the right divisibility in W, that is w' <r w if and only if w = w"w' 
with lengths adding. Any inclusion 6 C 6' in Ailo) clearly implies voib') <r voib). 

A quick inspection shows that in the above proof some relation lib') < lib) may 
occur only when in addition wo(6') <r "^oib)- So the map t'.TjB — > ZB of Lemma 6 
satisfies (t9+9t)(6) G 6+©b'Z6' where the sum is over b' & B such that voib') <r ^'o(^) 
(instead of just /(&') < Z(6)). 

So Proposition 3 holds with a map fj satisfying cr(a) G where the sum is 

over b G ^(/q)"'' such that wsvoib)wi„ <r wst;o(a)'u;/(, and /o(^') 3 7o(a). 

2. A theorem of Curtis type in the homotopy category. 

Let G be a finite group endowed with a split BN-pair of characteristic the prime p 
(sec [CaEn] 2.20). We have subgroups N,B,T C BnN. The quotient W := N/T is a 
Coxeter group for the subset S C W. When I Q S, the associated parabolic subgroup 
Pj = BWjB is a semi-direct product Ui.Lj for Uj the largest normal p-subgroup of 
Pj and Lj a group with a split BN-pair associated to the subgroups N (iLj, BflLj, 
T and the Coxeter group Wj. 

Let R = or any commutative ring where p is invertible. 

Notation 8. If 7 C S, denote e/ = |J7/|~^ J2ueUi ^' idempotent in the group 
algebra RG. Define the coefficient system X(G) of 7?G-bimodules on 2"^ by XiGY = 
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RGei (E)pj ciRG and restriction maps (pji:X{G)^ — »■ X{GY defined by x ®pj y i— > 
X ®pj y whenever x G RGej and y G ejRG. 

Theorem 9. (Okuyama, [O] 3.1) Let Iq C S. Then X{G)ei„ ^ RGei„ Ol,^ X{LiJ 
in K^{RG (g) {RLi„)°) and ei„X{G) ^ X{Li„) ®Lj^ ei„RG in K^{RLi„ O RG°). 

The proof consists in giving a description of the kernel of the surjection 

X{G)ejg RGejg (^Li,, X{Ljg) introduced in [CaRi] 3.5, allowing to apply Theo- 
rem 4. One will use repeatedly the following (see [HL] 3.1, [CaEn] Ex 5 p 53). 

Proposition 10. • e/ej = eje/ = e/ when I C J C S. 

• IfI,JCS,w & Dij and n £ N with nT = w, then ejnej = em^jnej = 
e/ne/»n7 = e/n»jne/»nj • 

Definition. If I C S, w £ let 

Xi^u, ■= RGei (gipj eiRPiwRPigCig 

and 

y/,» := RGei^nio ®Pr»n/o ei^nioRPio = RGei, X{Lj„y"'<^^'' 
both RG O -modules. 

In the following propositions, keep ICS and w G Dii,. 

Proposition 11. Xj^yj = Yf_^ as RG (8) RPj^-module by a map sending x®Pj wy 
to xe/n^/oWe/ton/o "^Pj^n/o ^i^nioU for any x G RGei, y S RPi^ei,, w £ N such that 

wT = w . 

Proposition 12. If J <ZS,w'& Djj, and i'" n/o C J"^' DIq, there is a RG®RPf^- 
morphism Yf_^ yj,w' sending x <Sipjvjni, y to x ^Pj„i^^ y for x e RGeiu>riio> 
y €ej^,^j^RPi,. 

If I C J C S and w' e Dji, n Wjw (which ensures n /q C J""' n Iq) 
the above morphism corresponds to the restriction map X{G)^eig X{G)'^eiQ 
of X(G)ei„ through the isomorphism of Proposition 11 and the decomposition 
XiGYeig = RGei (?)Pj eiRGei„ = ®p,wPi„RGei ®p^ eiRPiwRPi^Ci^. 

The above will allow to describe the kernel of the surjection X{G)eig — »■ 
RGei^ (8)L,3 X{Li„) defined in [CaRi] § 6 (see also [CaEn] 4.10). 

The following will be useful to deduce an isomorphism in the homotopy category. 

Proposition 13. Let A be an abelian category. Let ^ Z ^ F ^ y be an 
exact sequence in C*^ {A) which is split in each degree and such that Z is contractible. 
Then Y ^Y' in K^{A). 

Proof of Proposition 13. More generally, it is well known that in a short exact sequence 
which is split in each degree, the third term is always homotopy equivalent to the 
mapping cone of the monomorphism. I 

Proof of Theorem 9. Let us consider Y the complex associated to the coefficient 
system on 2'^ defined by 7 (BwgDii„Yi,w and restriction maps Yi^^ yj,w' as in 
Proposition 12 when I C J and Wjw = Wjw' , otherwise. 

Then X(G)e/o is isomorphic to Y thanks to the isomorphisms of Proposition 11. 

In order to apply Proposition 13, we show that there is surjection of complexes 
Y RGeig (^Li^ ^i^io) in C^{RG ^ (i?i/o)°), split in each degree, and with con- 
tractible kernel. 

Note that Yi^yj only depends on the class Wiw e A{Io) (see Notation 1). We 
then use the notation Yj, = RGei„®L,„ X{Li^y°^''^ for b G A{Io) (see (P2)). Note that 
y is a coefhcient system on 2'^ defined by / ©6^6 where the sum is over b G A{Io) 
such that S{b) = I, and the restriction map is defined by sending Yh to only when 
b' ^b and is then RGei^ ^Lj^ <^/o(6'),/o(6) where y is the restriction map of X{Lig). 
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Lot us define Y' = (BbYt where the sum is over b G A{Io) such that b C Wig and 
same restriction maps as in Y. Then Y' = RGei^ ^i^io) since each b C Wj^ is 
equal to Ws(b) with Jo(6) = S'(6) C /q. 

Wc have a surjective map of coefficient systems of RG i?LJ^-modulcs on 2"^ : 
Y ^Y' ^ RGeia i^Li^ X{Lio) sending Yb to whenever b G A{Io) and b^Wi^. The 
kernel is (BbYb where the sum is over b e A{Io)~^- 

One may now apply Theorem 4 with A = RG (g) RL}^, M = RGejg 0^^^ X{Lj„ ) 
and Zb = Yb for b G ^(/q)"'". This tells us that (BbeAiio)+^b is a contractible complex. 

We then have the first isomorphism of the theorem. In order to deduce the 
second one, one uses the (covariant) functor M from mod(i?G) to mod(i?G°) 

which consists in keeping the same i?-module structure and composing action of group 
elements g G G with inversion (see [CaEn] 4.16 and proof). It is exact, commutes 
with tensor products, extends to complexes, and induces involutory equivalences of K** 
categories. It is easy to see that X{Gy = X{G), {RGei^Y = ei^RG and X(L/J'- = 
X{Lig) by compatible isomorphisms. Then we get the second isomorphism from the 
first. I 

Proof of Propositions 11 and 12. Using the isomorphism RHK = RH ^HnK RK as 
RH ® i?i^°-modules (by the evident maps) whenever H, K are subgroups of a finite 
group G, one has 

eiRPiwRPi.eig ^ RLjwRLj, ^ RLiw ^z,,^^,^ RLj^ = 

RPieiweju^nio ®Pj»nio e/^n/oe/o-P/o • 

Applying Proposition 10, we get eiRPiwRPj^eig = RPiem^igWei^nio ®P/"nJo 
si^nioRPio by the map of i?P7(g)i?Pf^ -modules sending eixwyei^ to xein«'ioWeiu>nio <^ 
p-p'-niaV for X G i?P/, y G RPio and w G N such that wT = w. Note that our map 
does not depend on the choice of w inside the class w G N/T. 

On applying the functor RGej — , we 

get RGei eiRPiwRPi„ei„ ~ RGem^i^wei^nio '^P,^nio ei^nigRPio by the map 
xei eiywzei^ i-^ xyem^i^wei^nio '^P,^unIo for x G RG, y G RPi, z G RPiq. 

On the other hand, i?Ge/n»joWe/»nJo = RGsiwdiq by Dipper-Du-Howlett-Lehrer's 
theorem of independence (sec [HL] 2.4, [CaEn] 3.10). So the map of Proposition 11 
is indeed defined and an isomorphism as announced. 

Assume now the hypotheses of Proposition 12. Using the restriction map of 
X(Lj„), it is clear that the map announced in the first statement of Proposition 12 
is the map RGeig ^L/q 'Pj^'nio i^nio RGej^j 'E)L,g ^{Lj^), where (p denotes the 
restriction maps of X{Lj,j) as a coefficient system on 2^°. 

To verify the second statement, we assume Wjw' = Wjw with w' € -Dj/q 
(unique). It suffices to check that the following square is commutative : 

I I 

where horizontal arrows are the isomorphism of Proposition 1 1 , the first vertical arrow 

is the restriction map {X{G)eigY ~^ {XiG)'"-ia)'^ (which actually sends the term Xi^^ 
in the term Xj^^') and the second vertical arrow is the one we have seen above, that 
is RGeig®ipj^,^j^j^^j^. 

We check the images on a RG ® PPf^^ -generator of Xj^^, namely e/ (8) eiwei^. 
Going right then down, one gets e/ (g)P; eiwei^ i-» ein-^i„wei^-nia ®Pi^,nia '^I'^nh '-^ 
ein^ioWei^r\io®P i f^i^'nin- Going down then right yields e/ (8)pj e/we/„ ^ e/ 0p, 
e/we/(, = 6/ <^Pj eivw'eig = eiv w'ei^ ^ eivejf^„'j^w'ej„'^j^ ^Pjv^'ni ^^"n/o 
where w = vw' with v G Wj such that w' is J-reduced and one defines v = 'w{w')~^ G 
Lj. 

But Cjp^'j^w'cj^'pj^ = ejw'eig — ejw'cj^'^j^ (Proposition 10 above), so that 
eivejf^^i i^w'ejn,'f^i^ = eivejw'ejn,'f^i^ = eiejwej^i f^j^ = eiweju,'nio so the last term 
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on the second composition (down then right) is eiw^p , e/»n/o- This is what wc 

niQ 

expect, again by Proposition 10. I 

3. Alvis-Curtis duality in the homotopy category. 

The main result of this section shows that the derived equivalence of [CaRi] 
actually holds in the homotopy category ([O] Th. 1). 

Let us recall two general results that will be useful. Let A be a ring and X,Y G 
C^{A), Xo e C^iA°). We refer to [CaEn] § Al for the usual notations X\i] G C^{A) 
{i S Z). Homgr^(X, Y), Xq (E)a X G C^{Z). If A is an i?- algebra for R a commutative 
ring, one denotes X^ := Homgr^(X, R[0]) as an object of C^{A°) in the usual way. 

The same proof as [Ril] 1.1. (a) gives the following 

Lemma 14. Let C he in C^{A) such that its homology is concentrated in degree 

(i.e. H(C) ff°(C)[0] in C^(A)) and, for any term C ofC, hath Homgr^(C",C) 
and Homgr^(C, C") iave their homology concentrated in degree 0. 
Then C ^ H\C)[Q] in K'^(A). 

For the strong adjunction below, see [Ro] § 2.2.6, [Ri2] 9.2.5. Note that the 
isomorphisms can be made explicit (see [Ro] § 2.2, [O] § 5.1). 

Proposition 15. Assume A, B and A arc R-frcc R-algebras of Unite rank. Assume 
A and B are symmetric (see [CaEn] 1.19, [Ri2] 9.2.1, [Ro] 2.2.3). All modules are 
assumed to be R-free of finite rank. 

Let M be a bounded complex of A (E) B° -modules projective on each side. Let 
Ni, N2 be objects ofC^{B ® A°), C^(A ® A°) respectively Then 

Homgr^^A" ®B NuN2) ^ Homgr^^Ao (A^i, 0^ iV2). 

Theorem 16. (Okuyama, [O] Th. 1) Let G be a finite group endowed with a split 
BN-pair of characteristic p, let R = Z\p-^]. Recall X{G) in C^{RG O RG°) (see 
Notation 8). Then 

X{G)^rgX{G)''' ^X{G)'^ ^rgX{G)^RG in K^{RG ^ RG°) 

and therefore X{G) ®rg — induces a splendid equivalence 'K^{RG) K.^{RG) in 
the sense of [Ril ]. 

Proof. We have the claimed isomorphisms in D^{RG ® RG°) (see [CaRi] 5.1 or 
[CaEn] 4.18). Note that in both references, the main argument is the following fact : 
(F) if I Q S and N is a cuspidal RLi-module, then M := RGej (E)Li N G mod(i?G) 
satisfies X{G) ®g M ^ M[-\I\] in 'D^(RG) (and even in 'K^{RG)). 
Here, cuspidal means that, considering AT as a [//-trivial i?P/-module, one has ejN = 
for any J d I, J ^ I. The rest of the proof of [CaRi] 5.1, essentially consists in 
reducing to R being a field, then use the fact that simple i?G-modules are quotients 
of those M's. 

A homotopy equivalence is preserved by any additive functor, so we may apply 
— '^Li N: mod(RG ® RL°j) mod(_RG) to the first isomorphism of Theorem 9, and 
get X{G) ^gM^ RGei(g)Lj X{Li)(g)L,N in K^{RG). By cuspidality of N, one has 
clearly X{Li) ®i„ N = N[-\I\]. Whence (F). 

Let us now prove the isomorphisms of Theorem 16 in K.^{RG (g) RG°). We use 
induction on the case G = T being trivial. 

For the first isomorphism X{G) (8>g X{G)'^ = RG, in view of Lemma 14, we 
have to check that, for any direct summand C of a term of X{G) ^g Ar(G)^, the 
Homgr^Qigi^Qo 's between C and X(G) ®g A(G)^ have their homology in degree 
only. 
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The terms oi X{G)iS:'gX{GY are of the type RGei®PjeiRG®GRGej®p,ejRG 
for I,JCS. This rearranges as RGej eiRGej (g)p_, ejRG = (BweDijRGej (8>Pj 
eiRPiwRPjBj ejRG. Applying Proposition 11, one finds a sum of modules 
yi,w ®Pj cjRG = RGei^nJ ®Pi^'n; c-i^njRG, each isomorphic to some = 
Ei, El where Ei^ = RGei, for /q C S. 

So we have to check that, for all / C 5, both HomgrQxG°(^/ ^l, 
E^^,X{G) ®G X{Gy) and HomgrG^G" (^(C) ®g X{Gy ,Ei ®Lj E^) have homol- 
ogy in degree only. By Proposition 15, it suffices to check Endgrj;^^^Qo(-E/ i8>g 
X{G)). The bi-additivity of the functor Homgr^(— , — ) along with Theorem 9 give 
Endgr^^^xG" {Ej 'SigX{G)) ~ Endgr ];^^^qo{X{Li)iSiliE'^) where denotes homotopy 
equivalence in C^{Z) 

Case I ^ S. Our induction hypothesis tells us that X(L/)^ <Sili X{Li) is ho- 
motopically equivalent to RLi[{]\ in C^{RLj (E) RL°^). Then Proposition 15 gives 
Endgri,^G°(^(i/) E)) ^ liou,gi L:xG^{X{LiY X{Li) ®l, E^,E^) - 
Homgrj;^^xG°(-^7 5-^7 ) which is in degree zero. 

Case I = S. One has to check the homology of Endgrg^go (X(G')). There is 
a spectral sequence jEf^ for the double complex HomcxG" (-^(G), X(G)), such that 
E^" = HomGxGo(X(G)-f and = /f«(HomgrGxG°(^(G)-^X(G))) (see 

for instance [B] § 3.4 on spectral sequences of double complexes). 

Let J C 5. Theorem 9 again gives Homgr^^Go (X(G)'', X(G)) ^ 
RomgVG^i^oiEj,X{G) ®g Ej) ~ Homgr^xLo (^^j, ^Lj X{Lj)) . This has g-th 
homology — for q > \ J\ since X{LjY = for those q. Then = for p + g > 0. 
Whence W(EndgrQ^Qo{X{Gj}) = for i > 0. Negative i's arc taken care by the 
spectral sequence nE^'' (satisfying = HP(RomgTa^a,{X{G), X{G)''))). 

This completes the proof of X(G)®G^(G)'' ^ RG inK^{RG(giRG°). As for the 
isomorphism X{G)^ (8)g X{G) = RG, it suffices to do the same with X{G)^ instead 
of X{G). Note that X(G)^ has the same terms as X{G). The only non trivial fact 
that we need is a version of the second isomorphism of Theorem 9 for X(G)^. This 
in turn is a consequence of the first on applying the functor M — > M^. I 

4. Hecke algebras. 

Let {W, S) be a finite Coxeter group. Let i? be a commutative ring. Let {qs)ses G 
{R^ )^ be a family of invertible elements of R such that qs = qt whenever s,t G S are 
PF-conjugate. 

Recall the definition of the Hecke algebra Ti. = (BwewRhu, (see for instance 
[GP] 4.4.6) with multiplication obeying the rules 

hwhw' = hu}w' when w,w' and lengths add (therefore h\ = 1-^), 

(hs)'^ = {qs — l)^s + qs when s G S*. 

Note that H is symmetric for the linear form giving the coordinate on hi in the 
above basis (sec [GP] 8.1.1). When I Q S, Hi = (BweWiRhw is a subalgebra of H 
and is also the Hecke algebra associated to (IF/,/) and same coefficients 17.5. 

Following [LS], one defines the complex X{7i) of 7i-bimodules, from the following 
coefficient system on 2'^. For 7 C J C 5, let XiHY = H^m with restriction maps 
ifji: X{ny X{ny defined by ipji{h h') = h (^Hj h' . 

Theorem 17. (Okuyama, [O] 4.1) Let Iq C S. The restriction ot X{H) to U^r 

{Hi„)° is isomorphic in K^{n ® iHi^)") with H (gin,,, X{ni„). 

Proof. The proof is very similar to the one of Theorem 9. Let us abbreviate (Si-Hi as 
(g)/ in what follows. Since /i^j's multiply as elements of W when lengths add, one has 
Ti. = (BweDiig'Hihw'Hig as W/, H/Q-bimodule. Then the restriction to W <8) (W/(,)° of 
X{Hy is n ®n,&Djj„nih^ni„ ^ ©^ez3„^H.(l (g)/ h^).Hi„. 

Corresponding to Propositions 11 and 12, one has the following. 

Let / C 5, «; e Dn^. Denote X{n)i,^ =H(^i Hih^Hi^. 
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Then X{H)i,w = Ti- 557"' n/o W/o by a map sending 1 ®/ liu, to /),„, JJ/'. n/o 1- 
To see that, note first that ii v £ VF/^n/o) then G Wj and therefore hyjhy = 
hwv = h-myhw The claimed isomorphism then corresponds to the composition of the 
following (expHcit) isomorphisms H ®i HihwHig —Ti^iHi (S)/n«<'/o W/n»Jo/iwW/(, = 
Ti. ®i Hihyj ®i^nio T^io — T^^w ®/™n/o T^io = ^ ^/'"n/o T^io- 

If I'^ (Mq <Z n 7o with J C S and w' e -D j/^ , we have the restriction map 

If moreover T4^jw = Wjw' , the above corresponds to the restriction map of 
XCH), ipjj: X{H)i^w X{H)j^w' through the above isomorphism. To check this, 
one evaluates at 1 (g) ft.^. Denote v G Wj such that w = vw' with lengths adding. One 
composition (isomorphism, then restriction map) gives 1 (g)/ ft-^ i-^ ®/«'n/o 1 * 
hw (8ij™'n/o 1) the other composition gives 1 (^i hw i-^ 1 ®j = 1 ®j hjiw' = 
hv (8) J hw' H^- hyhw' <E)j™'n/o ^■ 

One may now replace '}iX{T-C)ni„ by the complex associated to the coefficient 
system on 2^^ associating to / the bi-module (Bw'H (8>/™n/o '^/o a sum over Du^, with 
restriction maps defined by all the maps H (Si/^n/o '^/o ~* ^ ® j™'n/o ^^'^ ^ — 
w' G i'j/o and Wjw = Wjw' (which implies I"" n lo Q J""' n /q). 

Then ■}iX{H)Hig 'H ®/o ^C^io) by a map sending W (8)/<"n/o "^/o to if 
Wjw 2 W/„ , and H (8)/ W/„ — > W W/^ (8/ W/g the evident (onto) map when / C /g. 
The image is the complex associated to the coefficient system H (E)j„ X{Tii^) on 2^". 

Using now the notation of § 1, the kernel corresponds to the complex associated 
with the coefficient system on 2'^, I t-^ = (BbeA{io)+ ,S(b)=i'H ^loib) ^/o with 
restriction maps sending H <^ig(b) ^/o i^ito H ®/o(5') W/o by H iS)i„ fia(b').io(b) only 
when S{b') 3 S{b) and b' = bU S{b'). The contractibility of Z is immediate by 
Theorem 4. Then Proposition 13 implies our claim. I 

Remark 18. The above theorem allows to give a proof of the main result in [LS] 
and [PS] § 3.1 in the following way. 

Taking Jq = in Theorem 17, one gets that X{Ti,) has its homology concentrated 
in degree 0. So this homology is the kernel of d'^iH (^r H (BsesTi- "H, that 
is the intersection of the kernels of the restriction maps ips^$-'H <8>fl H H (8>Hs 
defined by h(E> h' h (E>Hs h' . 

An element x ^ Ti. ®r TC writes in a unique way x = Xliuew ® with x^^s 
in TC. For s G 5*, using the partition W = D^ g U D^ gS and the law of H, it is 
clear that (ps.${x) = if and only if x^^js = ^{hs)^^Xu: for any w G -D0 ,j. Using a 
reduced decomposition of each w G W, one then gets that x G kcr(9°) if and only if 
x^ = i-iy('"-'Hh^.)-^xi for any w€W. 

Define e := E^ew'(-1)'*"'''^«' «i {h^y^ &H®Rn. We now have ker(50) = 
^.7i = 7i as right "H-module. 

Using the partition W = U sD^ ^ and the formula for (/ig)^, it is clear that 
hs^hs = —Qs^, for any s G S. So we get 

H^{X{n)) = ker(ao) = U-i = £,.n ^ 
where a is the automorphism of li sending hg to —qs{hs)~^. 

The i?-dual Xirt)'^ has similar properties, so H{X{H))®nH{X{rLy') = wHw[0]. 
On the other hand, the bi-projectivity of the terms of XCH) implies that the natural 
map H{X{H) ®h X{Hy) H{X{n)) ®h H{X{'HY) = wW^fO] is an isomorphism 
(see [B] 3.4.4). 

Theorem 19. (Okuyama, [O] Th. 2) X{H) ®u — induces an auto-equivalence of 

the homotopy category K.^{H). 

Proof. The proof is similar to the one of Theorem 16 with H replacing RG, h'H-Hiq 
replacing RGejg, Theorem 17 replacing Theorem 9, and Remark 18 giving the equiva- 
lence in the derived category. Also H is symmetric, which allows to use Proposition 15. 
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Note that wc need to have identical statements for X{H) and X(7Y)^. As in 
the end of proof of Theorem 16, this is done by applying the contravariant funetor 
M ^ and using the isomorphism X{n) = Xijii,,) ®Hi„ W in K^ini„ » n°). 
This in turn is deduced from Theorem 17 by noting that there is a (covariant) funetor 
M H-> M' from mod(W) to mod(H°) corresponding to the isomorphism 'H = 'H° (as 
ii-algebras) which is defined by hg i-^ hg (and therefore hw h^j-i). I 

5. Generalized Steinberg module and the Solomon- Tits theorem. 

The context (and notations) are now again the ones of §2 and 3, where G is a 
finite group with a split BN-pair. Define St(G') as the object of C''(ZG) associated 
to the coefficient system on 2'^ defined by St(G)^ = ZG/Pj and (pji{gPj) = gPj for 
/ C J C 5* and 5 e G. 

Compare the following with an old lemma on the Steinberg character ([DM] 9.2). 

Theorem 20. (Okuyama, [O] 3.7) Let ICS. Then Res^^St(G) ^ Indf^St(i/) in 
K^iZPi). 

Remark. Note that, for / = (and therefore Pi — B, Lj = T), the theorem im- 
plies that St(G) has homology only in degree (a theorem of Solomon-Tits, see 
[CuRe] 66.33). Note also that the proof below simplifies a lot when / = 0. 

Proof of Theorem 20. We prove the statement with /q instead of I. We actually 

check a right module version of (i) with St(G)^ = Z(P/\G), noting that the left 
module version follows by the same type of considerations as in the end of proofs of 
Theorem 9 and Theorem 16. 

Note also that the definition of St(G) can be made using any system of 
parabolic subgroups containing a given Borel subgroup . Denote B~ = B^^ , 
p- = B-WiB- = Uf.Li where Uf = n U'^sm . 

One may assume that St(G) (resp. St(_L/o)) is associated to the coefficient system 
on 2^ (resp. 2^°) defined by / [-P/"]ZG, (resp. / ^ [Li„ D ]ZL/J where [F] 
denotes the sum of elements of F in ZG for any subset F C G. 

Let us define a surjective map Resp^ St(G) St(L7o) ^Lj^ "^Piq in C''(ZP/q°), 
split in each degree and with contractible kernel. Then our claim will follow by 
Proposition 13. 

Noting that Pj^\G/Pig — Wi\W/Wig is in bijection with Djj^, one has 

Res^^^(St(G)^) = ©^£_D„jPf ]u;ZP7o with connecting map Resp^^ (St(G)^ 
St(G)'^) sending [Pfjwg to [Py]wg for any g G Pig and / C J C 5. 

Let us define a map tt: Res^^ St(G) ^ St(L/J®L,^ZP/„ by sending [Pj-jwZPi^ to 

except when I C Iq and w; = 1 in which case we use the isomorphism ttj: [P^JZP/q = 

[Pf nL/JZP/„ = [Pf nLi„]ZLi„ ®Lj„ ZP/o due to the fact that PfCiPi^ = PfCiLig 
(apply for instance [CaEn] Exercise 2.4, or see proof of the Lemma below). This is 
clearly a surjective ZPj^-homomorphism on coefficients, split at each I. In order to 
show that it commutes with connecting maps, we have to check for any / C J C S*, 
the equality iTjipji = ^pjitti where the first is the connecting map in St(G) and 
the second is the one in St(i/o) ®Lig Z-P/o (seen as a coefficient system on 2^ by 
extending trivially on 2^ \ 2^"). If J ^ -^O: both sides are 0. If / C J C /q, one gets 
[P7]9 ^ [PJ]9 ^ [PJ n Li^]g and [PY]g ^ [Pf n Li,]g ^ [PJ n Li,\g if g G P,„, 
[PT]9 ^ [Py]9 ^ and [Pf]g ^ ^ if 5 € G \ Pr„. 

The kernel Z of our map is a graded sum of ZPj^ -modules Zt = [Pf]'wZPig for 
b = Wiw e A{Io)^, Zb being at degree |/|. To show that Z is contractible, one 
imitates the proof of Theorem 4. Recall a G Endz(Z.4(/o)^) from Proposition 3, 
which is expressed by a{b) = J2b'eA{io)+ ''^bb'b' with mbb' € Z for b, b' G A{Io)~^. 
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Fix b = Wjw and b' = Wj'w' in y4,(/o)+ with 1,1' C S and w G Dji„, w' € Dn^ 
such that rnw ^ . Proposition 3 and Remark 7 teU us that IqC] I"' C Jg n (/')™ 
and wswwig <r wsw'wj^ . We use that through the following consequence 

Lemma. (Pf nP/^ C (P")™' nP/^. 

This allows to define (fb'b'- Zi, = [Py~]wZP/„ Ziy = [Pj7]w/ZP/,-| as the only 
(ZP/(,)°-homomorphisni sending [Pfjw to [Pp]w'. This behaves like restriction maps : 
<Pb"b' ° fb'b = 'Pb"b whenever b, b', b" G A{Io)~^ with rubb' 7^ and mb'b" 7^ 0. Defining 
now a:Z ^ Z as ^YLw <^A(ia)^ ^bb''-Pb'b on Zb, the same proof as for Theorem 4 shows 
that the equations E5(, satisfied by the mbb' 's imply ad + da = Id on Z. I 

Proof of the Lemma. Replacing / and /' by their w^-conjugate and w, w' by wswwig , 
wsw'wig respectively, we have to check that (P/)"" fl P/^ C (P//)^ n P/q as soon as 
w G Diig, w' G Dpig satisfy n /q C (/')«'' n /q and w' <r w. 

Applying twice [CaEn] 2.27.(i), one gets L/..n/„ C PfnPi„ C P/^n/o = Li^nio-U 
and '"/JnP/ C [/. Therefore Pf nP/^ = L/»n/o-(C^"' n Now /"Tl/o C (P)™' n/o, 
while w' <r w implies iJ'" n C/ C U''"' n ?7 (apply [CaEn] 2.3.(iii), 2.23.(i)). I 
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